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1. INTRODUCTION
U w xAssociative H -algebras were introduced by Ambrose in 1 . Since then,
HU-algebras have been intensively studied in the most familiar classes of
wnonassociative algebras and even in the general nonassociative context 7,
x U8 . The study of nonassociative H -algebras can be reduced to the case of
U w xtopologically simple H -algebras by means of 8, Thm. 1 .
THEOREM 1. E¨ery HU-algebra with zero annihilator is the closure of the
orthogonal sum of its minimal closed ideals which are topologically simple
HU-algebras themsel¨ es.
w x UMoreover, it was proved in 7 that the H -algebra structure of topologi-
cally simple HU-algebras is in essence algebraically determined.
THEOREM 2. Algebraically isomorphic HU-algebras with zero annihilator
are automatically )-isomorphic, and )-isomorphisms between topologically
simple HU-algebras are constant positi¨ e multiples of isometries. Accordingly,
algebraically isomorphic topologically simple HU-algebras are, up to multipli-
cation of the inner product by a suitable positi¨ e number, totally isomorphic.
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As it is usual, by an isomorphism between given HU-algebras we mean a
 .linear isomorphism of the underlying algebras without any reference to
the HU-algebra structure, while by )-isomorphism we mean an isomor-
phism preserving HU-algebra involutions. A more general approach is to
consider these algebras only as rings. It seems that the first work in this
w xdirection is due to Rickart 15, Thm. 3.2 , who studied ring isomorphisms
 .of primitive real Banach algebras no linearity was assumed . A well-known
w xresult of Kaplansky 10 decomposes every ring isomorphism between
semisimple complex Banach algebras into a continuous linear part, a
continuous conjugate-linear part, and a non-real-linear part on a finite-di-
mensional ideal.
In this paper we prove that the HU-algebra structure of infinite-dimen-
sional topologically simple HU-algebras is in essence determined from
their ring structure and, surprisingly, the whole HU-algebra structure of
any topologically simple associative HU-algebra is determined from their
mere multiplicative structure.
Given HU-algebras with zero annihilator A and B and a ring isomor-
phism F from A onto B, we state a decomposition of A into an
orthogonal sum of a finite-dimensional ideal and a closed ideal on which F
is continuous. Furthermore, the ``continuity ideal'' is the orthogonal sum
of a closed ideal on which F is linear and a closed ideal on which F is
conjugate-linear. Moreover, the ``discontinuity ideal'' decomposes into an
orthogonal sum of ideals on each of which F is t-linear for a suitable
automorphism t of the complex field. The result provides a nonassociative
parallel of the famous result of Kaplansky. We emphasize that if A and B
are associative HU-algebras with zero annihilator and finitely many one-di-
mensional minimal closed ideals and F is a multiplicative bijection it is
.not assumed to be additive from A onto B, then we prove that A and B
are automatically )-isomorphic.
w xAs the Kaplansky theorem was proved in 21 , we also use automatic
continuity methods in our investigation. Moreover we involve the theory of
central closability. This technology has been successfully exploited in the
study of the continuity properties of derivations and homomorphisms on
U w xH -structures 17, 24]27 .
We recall that an HU-algebra is a nonassociative complex algebra A
endowed with a conjugate-linear algebra involution ) and whose underly-
 < .ing vector space is a Hilbert space relative to an inner product ? ?
 < .  < U .  < U .satisfying ab c s b a c s a cb for all a, b, c g A. We can measure
goodness of the product of A by considering its annihilator, defined as
 .  4 w xAnn A s a g A : aA s Aa s 0 . We note that, by 4, Lemma 34.9 , an
associative HU-algebra has zero annihilator if, and only if, it is semisimple.
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2. CENTRAL CLOSABILITY TECHNOLOGY
The concept of extended centroid was introduced and developed by
w xMartindale 12, 13 in the case of prime associative rings and later was
translated to the more general frame of prime and semiprime nonassocia-
w xtive algebras 3, 9 . Although the main use of the extended centroid is
found in the theory of structure and classification of prime algebras,
central closability became unexpectedly a powerful tool in the investigation
of the continuity properties of homomorphisms and derivations on HU-al-
w xgebras 17, 24, 25 .
We recall that a prime algebra A over a field K is said to be centrally
closed if, for every nonzero ideal I of A and for every linear mapping f :
 .  .  .  .I ª A with f xa s f x a and f ax s af x for all x in I and a in A,
 .there exists l in K such that f x s l x for all x in I.
 . w xEXAMPLES 1. 1 From 12, 13 and the standard theory of Banach
algebras, it may be concluded that primitive complex Banach algebras are
centrally closed.
 . w x2 It was proved by Rodrõguez 18 that every primitive complexÂ
Jordan]Banach algebra is centrally closed.
 . w x U3 Ara showed in 2 that prime C -algebras are centrally closed,
U w xand this result was generalized to prime JB -algebras in 19 .
In the sequel, we shall use the following crucial result in the theory of
U w xtopologically simple H -algebras obtained in 5 .
THEOREM 3. E¨ery topologically simple HU-algebra is centrally closed.
w xFrom the above theorem and 17, Lemma 4 , we deduce the following
result.
COROLLARY 1. E¨ery dense subalgebra of a topologically simple HU-alge-
bra is centrally closed.
Let A be any nonassociative algebra. If a g A, then we denote by La
and R the linear operators of left and right multiplication, respectively,a
by the element a in A. The multiplication algebra of A is defined as the
 .  .  .subalgebra M A of L A the algebra of all linear operators on A
generated by all left and right multiplication operators. It is easy to check
 .  .that M A coincides with the subring of L A generated by all left and
right multiplication operators. For a given subalgebra B of A, let us
 .  .denote by M A the subalgebra of M A generated by the multiplicationB
operators L and R where b g B. Note that, for a normed algebra A,b b
 .every element in M A is clearly a continuous linear operator on A.
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 .Furthermore, if B is a dense subalgebra of A, then the elements of M B
 .are nothing but the restriction to B of those of M A . This fact will beB
used in the sequel without previous comment. For a given continuous
linear operator F on a Hilbert space we denote by FU its adjoint operator.
Given an element a in an HU-algebra A we have LU s L U and RU s R U .a a a a
  ..U  .UAccordingly, for a dense subalgebra B of A, M A s M A andB B
 .M A becomes a self-adjoint subalgebra of the algebra of all continuous
linear operator on the Hilbert space A.
Let F be a ring homomorphism from an algebra A into an algebra B,
 .  .  .that is an additive mapping from A into B satisfying F ab s F a F b
for all a, b g A. For every a g A, we have FL s L F and FR sF a.a a
 .R F. Therefore the subring of those P in M A for which there existsF a.
 .Q in M B such that FP s QF, contains all left and right multiplication
 .operators on A and therefore equals M A . Furthermore, if F is a ring
homomorphism from A onto a dense subalgebra of a normed algebra B
 .  .  .we obtain, for every P in M A , a unique element f P in M B suchF  A.
 .  .that FP s f P F. So we can define a ring homomorphism F from M A
 .  .onto M B . From the identity FP s f P F, it follows that if F isF  A.
 .additionally injective, then f is a ring isomorphism from M A onto
 .M B .F  A.
In order to investigate the continuity properties of ring isomorphisms,
we follow the traditional sliding hump procedure. To this end, we apply
w x25, Thm. 5 to build sequences having amazing properties, which allows us
to put two powerful automatic continuity principles into action.
THEOREM 4. Let B be a dense subalgebra of an infinite-dimensional
topologically simple HU-algebra A. Then one of the following assertions holds:
 .  4 U  4  .C1 There exists sequences b in B and P in M A such thatn n B
PU . . . PU b / 0 and PU PU . . . PU b s 0 ;n g N.n 1 n nq1 n 1 n
 .  4  .C2 There exists a sequence Q in M A such thatn B
dim Q B s 1 ;n g N .n
Q2 / 0 ;n g Nn
Q Q s 0 if n - m.n m
Proof. BU is also a dense subalgebra of A, and Corollary 1 shows that
it is centrally closed. Moreover, it is easy to check that BU is a topologi-
w xcally simple algebra. Finally, the result follows from 25, Thm. 5 , where
the multiplication algebra was additionally generated by the identity oper-
ator, but this condition is unnecessary.
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3. AUTOMATIC CONTINUITY METHODS
 .Note that, if F is an additive mapping between two real or complex
vector spaces, then F is rational-linear and for rational-linear mappings
between normed spaces continuity is equivalent to boundedness as for
linear mappings. Moreover, we can measure the continuity of an additive
mapping F between Banach spaces X and Y by considering the subset
S F s y g Y : there exists x ¬ 0 and F x ¬ y . 4 .  .n n
 .It is easy to check that S F is a closed real-linear subspace of Y, which
will be called the separating subspace for F. We observe that closed graph
theorem remains true for additive mappings between Banach spaces and
 .so the mapping F is continuous if, and only if, S F equals zero.
w xMoreover, 21, Lemma 1.3 can be applied in order to obtain that, for any
continuous linear operator G with domain Y but which may map into
  ..another Banach space Z, GF is continuous if, and only if, G S F s 0.
Furthermore, if F is a ring homomorphism with dense range between
 .normed algebras A and B, then S F is a real-linear ideal of B.
For studying the continuity behaviour of a ring isomorphism acting
between HU-algebras, we require two fundamental principles in the theory
w xof automatic continuity stated in 23, 27 that remain true for additive
mappings acting between Banach spaces.
w x  4PROPOSITION 1 23 . Let X be a Banach space, S a sequence ofn
 4continuous linear operators from X into itself and R be a sequence ofn
continuous linear operators whose domain is a Banach space Y but which may
map into others Banach spaces Y . If F is a possibly discontinuous additi¨ en
mapping from X into Y, such that R FS . . . S is continuous for m ) n, thenn 1 m
R FS . . . S is continuous for sufficiently large n.n 1 n
w x  4PROPOSITION 2 27 . Let X and Y be Banach spaces, S a sequence ofn
continuous linear operators from X into itself satisfying S S s 0 if n - m,n m
 4and R be a sequence of continuous linear operators from Y into itself. If Fn
is a possibly discontinuous additi¨ e mapping from X into Y such that FS yn
R F is continuous for e¨ery n g N, then FS 2, and so R2 F, is continuous forn n n
sufficiently large n.
4. RING ISOMORPHISMS OF TOPOLOGICALLY
SIMPLE HU-ALGEBRAS
Our main goal is to show that every ring isomorphism between infinite-
dimensional topologically simple HU-algebras is continuous. From this
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continuity, it will follows either the linearity or the conjugate-linearity of
such isomorphism.
LEMMA 1. Let A and B be infinite-dimensional topologically simple
HU-algebras and F be a ring homomorphism from A onto a dense subalgebra
 .of B. If C1 is fulfilled for F A , then F is continuous.
 .  .Proof. For every n g N we put P s f S for a suitable S g M An n n
 .  < .and we define R b s b b for all b g B. For every a g A and m, n g Nn n
we have
< <R FS . . . S a s FS . . . S a b s f S . . . S Fa b . .  .n 1 m 1 m n 1 m n
< < U Us f S . . . f S Fa b s Fa P . . . P b , .  .  . .1 m n m 1 n
which equals zero if m ) n. From Proposition 1, it follows the continuity
of the operator R FS . . . S , and hence the continuity of the functionaln 1 n
 < U U .a ¬ Fa P . . . P b and A, for sufficiently large n. The linear subspacen 1 n
of B defined by
<J s b g B : a ¬ Fa b is continuous and so real-linear on A 4 .  .
is closed by the Banach]Steinhaus theorem. It is easy to check that J is an
ideal of B which contains the nonzero element PU . . . PU b for sufficientlyn 1 n
large n. Consequently J equals B by topological simplicity. The continuity
 < .  .   . < .of every functional a ¬ Fa b b g B shows that S F B s 0 which
 .implies that S F s 0 and hence the continuity of F.
LEMMA 2. Let A and B be infinite-dimensional topologically simple
HU-algebras and F be a ring homomorphism from A onto a dense subalgebra
of B. Then ker F s 0.
Proof. Suppose the lemma were false. Then ker F q i ker F is a closed
 .nonzero ideal in A and so ker F q i ker Fs A. Since ker F q i ker F A
 .  . . 2s ker F A q ker F iA ; ker F , it follows that A
s ker F q i ker FA ; ker F. Since A is the closure of the set
 n 4 w  .x a b : a , b g A, k s 1, . . . , n, n g N 8, Prop. 2 viii , it may beks1 k k k k
 .concluded that kerFs A. Let ker f denote the closure in M A of ker f.
 4If a g A, then a s lim a for a suitable sequence a in ker F. Clearlyn n
L s lim L , R s lim R and further L , R g ker f ;n g N. Hencea a a aa an n n n
 .L , R g ker f. Since ker f is obviously a subalgebra of M A we con-a a
 .clude that ker fs M A .
 .  .If F A fulfills C1 , then the preceding lemma shows that F is
continuous and so ker F is closed. From what has already been proved, it
follows that ker F s A and therefore F s 0, a contradiction.
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 .  .On the other hand, if F A satisfies C2 , then we have an element
 .  . 2Q g M B with dim Q B s 1 and Q / 0. There are b , b g B suchF  A. 1 2
 .  < .  < . 2that Q b s b b b ;b g B. Furthermore b b / 0, since Q / 0. Let1 2 2 1
 < .y1  . 2S s b b Q g M B and note that S / 0 and S s S. There existsF  A.2 1
 . 5 5P g ker f such that f P s S and we take R g ker f such that R y P
 .- 1. Consequently I y P q R F s I for a suitable invertible continu-A A
ous linear operator F from A onto itself. Hence, we have
F s F I y P q R F s F y FP q FR F .  .A
s F y f P F q f R F F s F y SF F .  .  . .
s I y S FF .B
and so I y S is a densely valued continuous linear operator from B ontoB
 .itself. Since S I y S s 0, we conclude that S s 0, a contradiction.B
THEOREM 5. Let A and B be infinite-dimensional topologically simple
HU-algebras and F be a ring homomorphism from A onto a dense subalgebra
of B. Then F is continuous and either a linear or a conjugate-linear isomor-
phism from A onto B.
 .  .Proof. On account of Lemma 1, if F A fulfills C1 , then F is
continuous.
 .  .On the other hand, if F A fulfills C2 , then for each n g N we define
y1 .S s f Q . Moreover, we set R s Q . According to Proposition 2, then n n n
2  .  2 .operator Q F is continuous and therefore S F ; ker Q , for suffi-n n
 .  .ciently large n. The ideal S F q i S F is contained in the closed linear
 2 .subspace ker Q for sufficiently large n. The topological simplicity of Bn
 .  .  .implies that S F q i S F s 0 and so S F s 0, which shows the
continuity of F.
wFor studying the linearity of F, we follow the pattern established in 21,
xThm. 7.6 . Let c and c be the operations of multiplication by1 2
 y1 .2 2the complex scalar i in A and B respectively. Then F c F s c s2 1
 y1 . .  y1 . .yI and it is satisfied that c F c F a b s F c Fc a b andA 1 2 2 1
 y1 . .  y1 . .  y1 . .b c F c F a s b F c Fc a for all a, b g A. Thus c F c F a1 2 2 1 1 2
 y1 . .  . y1y F c Fc a g Ann A s 0 for every a g A and so F c F and c2 1 2 1
commute. If we define w s c Fy1c F, then w is a continuous real-linear1 2
2  .  .  .operator on A with w s I . Furthermore, w ab s w a b s aw b for allA
 .  .  .a, b g A. In particular, w satisfies w iab s iaw b s iw ab which shows
2 w  .xthat w is linear on A . Since w is continuous, 8, Prop. 2 viii shows that w
 . is a continuous linear operator on A. Let A s w y I A and A s wq A y
.q I A which are closed ideals of A, and A s A [ A . From theA q y
topological simplicity of A it follows that either A s A or A s A .q y
Moreover, F is linear on A and conjugate-linear on A .q y
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w xFinally, to prove that F maps A onto B, we apply 7, Thm. 3.1 in the
linear case. On the other hand, if F is a conjugate-linear operator, then
we consider the topologically simple HU-algebra BX, the scalar product
X  :  < . and inner product in B being l ? a s la and a, b s b a l g C,
.a, b g B , respectively, the sum, product, and involution being the same as
those in B. F is a continuous linear homomorphism densely valued into
X w xB . From 7, Thm. 3.1 , we deduce that F is onto, which completes the
proof.
 . UEXAMPLES 2. 1 For any topologically simple associative H -algebra
A the symmetrized algebra Aq becomes a topologically simple Jordan
U  w x.H -algebra see 8 . Every Jordan ring isomorphism F between two
infinite-dimensional topologically simple associative HU-algebras A and B
becomes a ring isomorphism from Aq onto Bq. From the above theorem
we deduce that F is either a linear or a conjugate-linear continuous
operator.
 . U2 Any infinite-dimensional topologically simple associative H -al-
gebra A gives rise to a topologically simple Lie HU-algebra Ay, the
1y w x  .multiplication in A being the usual Lie multiplication x, y s xy y yx ,2
 w x.the involution and inner product being the same as those in A see 6 .
Every Lie ring isomorphism F between two infinite-dimensional topologi-
cally simple associative HU-algebras A and B becomes a ring isomor-
phism from Ay onto By and therefore is either a linear or a conjugate-
linear continuous operator.
 .3 Let H and H be infinite-dimensional complex Hilbert spaces1 2
and J and J conjugations on H and H , respectively, that is J is a1 2 1 2 k
conjugate-linear isometry from H onto itself satisfying J 2 s I fork k Hk
k s 1, 2. Assume that t is an automorphism of the complex field and F
any t-linear bijective map from H onto H for which the identity1 2
< <Fx J Fy s t x J y .  .2 1
holds for all x, y g H . Then the Hilbert spaces A s C [ H , with the1 k k
 . .  < .products l q x m q y s lm q x J y q l y q m x and involu-k k k k k k k
U .  .tions l q x s l q J x , are infinite-dimensional topologically simplek k k
U  w x.  .   . .Jordan H -algebras for k s 1, 2 see 8 and the map F l, x s t l , Fx
becomes a ring isomorphism from A onto A . On account of the above1 2
theorem, it follows that F is continuous and consequently F is continuous
and t is either the identity or the conjugation on C.
COROLLARY 2. Let A and B be infinite-dimensional topologically simple
HU-algebras and F be any ring isomorphism from A onto B. Then F is either
a linear or a conjugate-linear continuous isomorphism from A onto B and
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pro¨ides either a linear or a conjugate-linear )-isomorphism C from A onto
B. Furthermore there exists a positi¨ e constant r such that rC is isometric.
Proof. From the preceding theorem, it follows that F is either a linear
or a conjugate-linear continuous isomorphism from A onto B.
If F is linear, then the remainder of the result follows from Theorem 2.
If F is a conjugate-linear isomorphism we consider the topologically
simple HU-algebra BX defined as at the end of the proof of Theorem 5. F
is a linear isomorphism from A onto BX and consequently Theorem 2
assures the existence of a )-isomorphism C from A onto BX and a
positive number r such that r ? C s rC is isometric. Therefore C is a
conjugate-linear )-isomorphism from A onto B. Since the norm associ-
ated to the new inner product on B coincides with the original one, it
follows that rC is isometric.
Obviously in the finite-dimensional setting real-linearity and continuity
are equivalent. Surprisingly, a discontinuous ring isomorphism between
finite-dimensional topologically simple HU-algebras may be constructed.
We give below an example of this situation.
’ .EXAMPLE 3. Let m be the automorphism from the subfield Q 2 of C
’ ’ .  .onto itself given by m r q s 2 s r y s 2 r, s g Q . Now we consider
the set of all automorphisms of some subfield of C extending m, which is
inductively ordered by extension. Let t : K ª K be a maximal element. We
claim that t is an automorphism of the whole complex field. Otherwise
w xthere exists a complex number x with x f K. We apply 11, Thm. II.67 to
obtain that K is algebraically closed and so x is transcendent over K.
Therefore the automorphism t can be extended to an automorphism of
 .K x and this contradiction proves our claim. Consequently t is a non-
 .real-linear and so discontinuous automorphism of the complex field.
Next, we show an intimate connection between Lebesgue measurability,
continuity and linearity for additive maps.
LEMMA 3. Let F be an additi¨ e mapping from R into itself. Then the
following assertions are equi¨ alent:
 .1 F is linear.
 .2 F is continuous.
 .3 F is measurable.
Proof. We only need to show that the third assertion implies the first
` y1w x.one. Since R s D F yn, n , there exists n g N such thatns1
 y1w x..l F yn, n ) 0, where l denotes the Lebesgue measure on R. By
w x x w y1w x.22, Thm. 6.67 there exists d ) 0 such that y d , d ; F yn, n y
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y1w x. y1w x.F yn, n ; F y2 n, 2 n , since F is additive. Consequently
x w. w xF y d , d ; y2n, 2n and therefore F is bounded on a neighbourhood
of zero, which shows that F is continuous on R.
LEMMA 4. Let F be an additi¨ e mapping from a finite-dimensional
Banach space X into a Banach space Y. Then the following assertions are
equi¨ alent:
 .1 F is real-linear.
 .2 For e¨ery element x in X and e¨ery continuous linear functional f on
  ..Y, the mapping l ¬ R f F l x from R into itself is measurable.
 .Proof. If 1 is fulfilled, then F is continuous and so the second
assertion is obviously satisfied.
 .According to the above lemma, if assertion 2 is satisfied, then
 .  .R fF l x s R f lFx for every x g X, every continuous linear functional
f on Y, and every l g R. From the Hahn]Banach theorem, it follows that
F is real-linear.
PROPOSITION 3. Let A and B be topologically simple HU-algebras with A
finite-dimensional and let F be a ring homomorphism from A into B. Then
the following assertions are equi¨ alent:
 .1 F is real-linear and accordingly continuous.
 .2 There is a / 0 in A such that, for all b g B, the map l ¬
  . < .R F la b from R into itself is measurable.
 .   . < .3 For all a g A and b g B the map l ¬ R F la b from R into
itself is measurable.
 .Proof. On account of the preceding lemma, it suffices to prove that 3
 .follows from 2 . To this end we consider the set I of those a g A for
  . < .which the map l ¬ R F la b from R into itself is measurable for every
b g B. It is a simple matter to show that I is a nonzero ideal of A. Since
A is finite-dimensional and topologically simple, it follows that I s A,
which is the desired conclusion.
Remark 1. It is known that any proof of the existence of nonmeasur-
able subsets of R requires, at some stage, uncountably many arbitrary
choices of elements of R. The above connection between linearity and
measurability shows that the use of Zorn lemma is unavoidable to con-
struct discontinuous ring isomorphisms between finite-dimensional topo-
logically simple HU-algebras. One can make the following somewhat vague
statement. Any ring isomorphism whose values may be designated by
elementary analytical constructions is measurable and consequently con-
tinuous. Loosely speaking: if you have a discontinuous ring isomorphism
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between topologically simple HU-algebras, then you cannot tell me which
values it assumes, although you might be able to tell some of them.
Although ring isomorphisms between finite-dimensional topologically
simple HU-algebras may be non real-linear, next we prove that they satisfy
a sort of linearity.
THEOREM 6. Let F be a ring isomorphism between two centrally closed
prime algebras A and B o¨er a field K. Then there exists an automorphism t
 .  .of K such that F la s t l Fa for all l g K and a g A.
Proof. Let fix a nonzero element a in A. For every l g K, we claim
 .  .  .that there exists t l g K such that F la s t l Fa. Assume thata a
 .  . y1 .  .Q Fa s 0 with Q g M B and write P s f Q . We have F Pa s
 .  .Q Fa s 0 which shows that Pa s 0 and therefore 0 s F lPa s
  ..   ..  .   ..F P la s Q F la . Consequently, Q Fa ¬ Q F la is a well-de-
 .  . .fined linear mapping say f from the nonzero ideal I s M B Fa into B
 .  .  .  .satisfying f by s bf y and f yb s f y b for all y g I and b g B. Since
 .   .B is centrally closed, there exists t l g K such that Q F la ya
 . .  .  .  .t l Fa s 0 for every Q g M B and so F la s t l Fa.a a
 .Now we prove that the scalar t l is independent of which nonzeroa
element a we choose to define it. Let b be a nonzero element in A. For
X  .all Q, Q g M B , we have
Q F lb QX Fa s F fy1 Q lb F fy1 QX a .  .  .  .  .  . .  .  .
s F fy1 Q lb fy1 QX a .  .  .  . .
s F fy1 Q b fy1 QX la .  .  .  . .
s F fy1 Q b F fy1 QX la .  .  .  . .  .
s Q Fb QX F la .  . .
s Q Fb QX t l Fa s Q t l Fb QX Fa . .  .  .  . .  .a a
 .  .  ..  . .The ideals M B t l Fb y F lb and M B Fa have zero product. Bya
 .  .  ..  . .primeness M B t l Fb y F lb equals zero, since M B Fa / 0.a
 .  .  .  .Thus t l Fb y F lb s 0 and therefore t l s t l . We will denotea a b
 .  .  .this scalar by t l . Now it is easy to check that t l q m s t l qF F F
 .  .  .  . y1 y1t m and t lm s t l t m for all l, m g K and t t s t t sF F F F F F F F
I , which shows that t is an automorphism of the field K.K F
Remark 2. It is easy to check that if in the preceding theorem A and B
are in addition normed algebras and F is continuous, then so is t .
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Remark 3. From the preceding theorem, we deduce that ring isomor-
phisms between centrally closed prime algebras preserve the algebraic
dimension.
EXAMPLE 4. Every ring isomorphism between any of the algebras
showed in Examples 1 is automatically t-linear for a suitable automor-
phism t of C.
Since topologically simple HU-algebras are centrally closed prime alge-
bras, we get the following.
COROLLARY 3. Let F be a ring isomorphism between two topologically
simple HU-algebras A and B. Then F is t-linear for a suitable automorphism t
of the complex field.
w xEXAMPLE 5. Schue proved in 20 that finite-dimensional simple Lie
complex algebra can be structured as HU-algebras. On account of the
preceding corollary, we deduce that every ring isomorphism between such
algebras is automatically t-linear for a suitable automorphism t of C.
COROLLARY 4. Ring isomorphic topologically simple associati¨ e HU-alge-
bras are automatically )-isomorphic.
Proof. Let A and B topologically simple associative HU-algebras and
F be a ring isomorphism from A onto B. By the preceding result, F is
t-linear for a suitable automorphism t of the complex field.
w xBy 16, Thm. 4.10.32 , A is )-isomorphic to a ``full matrix algebra'' M .G
 .  y1 .. y1The mapping l ¬ t l is a t -linear automorphismgn g , n g G gn g , n g G
of M note that, if G is infinite, then t is either the identity or theG
. y1conjugation on the complex field which gives a t -linear automorphism
C of A. FC is a linear isomorphism from A onto B which provides, by
Theorem 2, a )-isomorphism from A onto B.
Note that every topologically simple associative HU-algebra is prime
and, if it has dimension greater than one, then it contains nontrivial
w xidempotents. Consequently, 14, Corollary now yields the following.
LEMMA 5. E¨ery multiplicati¨ e bijecti¨ e mapping from a topologically
simple associati¨ e HU-algebra with dimension greater than one onto an
arbitrary associati¨ e ring is automatically additi¨ e.
EXAMPLE 6. It should be noted that the conclusion of the above-estab-
lished result fails if the HU-algebra is one-dimensional. Indeed, the inver-
y1  .sion mapping l ¬ l with 0 ¬ 0 from C into itself is multiplicative and
nonadditive.
In spite of the preceding example, we get the following multiplicative
characterization of the topologically simple associative HU-algebras.
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THEOREM 7. Multiplicati¨ ely isomorphic topologically simple associati¨ e
HU-algebras are automatically )-isomorphic.
Proof. Let A and B topologically simple associative HU-algebras and
F a multiplicative bijective mapping from A onto B. If A and B have
dimension one, then both of them are )-isomorphic to the complex field
and consequently the conclusion in the theorem is true. If either A or B
has dimension greater than one, then we conclude from Lemma 5 that
F is a ring isomorphism, hence that A and B are )-isomorphic by Corol-
lary 4.
Remark 4. It is worth pointing out that multiplicative bijective mapping
between topologically simple associative HU-algebras preserves the alge-
braic dimension.
Questions 1. The above established results lead naturally to the follow-
ing questions:
 .  . U1 Are ring isomorphic topologically simple nonassociative H -al-
gebras automatically )-isomorphic?
 . 2 Are multiplicatively isomorphic topologically simple nonassocia-
. Utive H -algebras automatically )-isomorphic?
5. RING ISOMORPHISMS OF HU-ALGEBRAS WITH
ZERO ANNIHILATOR
The study of ring isomorphisms between HU-algebras with zero annihi-
lator can be reduced to the case of ring isomorphisms between topologi-
cally simple HU-algebras.
LEMMA 6. Let A and B be nonassociati¨ e rings and F be a multiplicati¨ e
 .mapping from A onto B. Then F 0 s 0.
 .  .  .Proof. Put 0 s F a for a suitable a g A. We have F 0 s F a0 s
 .  .  .F a F 0 s 0F 0 s 0.
LEMMA 7. Let A and B be HU-algebras with zero annihilator and F be a
multiplicati¨ e bijecti¨ e mapping from A onto B. If I is a closed ideal in A, then
 .F I is an ideal of B.
 .  .  .  .Proof. We only need to show that F I q F I ; F I and lF I ;
 .F I for every l g C.
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 .Since F is surjective there exists a subset J of A such that F J s
 .  .F I q F I . On account of the preceding lemma, we have
F JI H s F J F I H .  .  .
s F I q F I F I H ; F II H q F II H s 0 .  .  .  .  . .
H w  .xand hence that JI s 0. From 8, Prop. 2 vii , it follows that J ; I and
 .  .  .therefore F I q F I ; F I .
 .The set lF I may be handled in much the same way. Indeed, let J ; A
 .  .satisfying F J s lF I . Since
F JI H s F J F I H s lF I F I H s lF II H s 0, .  .  .  .  .  .
H  .  .we have JI s 0 and consequently J ; I. Hence lF I ; F I .
LEMMA 8. Let A and B be HU-algebras with zero annihilator and F be a
multiplicati¨ e bijecti¨ e mapping from A onto B. If I is a minimal closed ideal
 .in A, then F I is a minimal closed ideal of B.
 .Proof. If F I J s 0 for every minimal closed ideal J of B, then by
 .  .  .Theorem 1 it follows that F I B s 0. Therefore F I ; Ann B s 0 and
so I s 0 which leads to a contradiction. Consequently there exists a
 . y1 .minimal closed ideal J of B for which F I J / 0, equivalently IF J /
0.
 . UWe claim that F I ; J. Since J is a topologically simple H -algebra
 .see Theorem 1 and F I l J is a nonzero closed ideal, we conclude that .
F I l J s J and therefore J ; F I . Decompose F I into an orthog- .  .  .
X X H y1 . y1 X. y1 X.onal sum J [ J with J ; J . Since F J F J s F JJ s 0, we
have
X Xy1 y1 y1 y1F J l I F J l I ; F J F J .  .  .  . .  .
Xy1 y1; F J F J s 0, .  .
y1 X . and the primeness of I shows that F J l I s 0 note that 0 /
y1 . y1 . .  y1 X. . X  .IF J ; F J l I . Consequently, 0 s F F J I s J F I and
XJ F I s 0. Hence .
X X X X X0 s J F I s J J q J s J J , .  .
Xand the semiprimeness of B shows that J s 0. Thus F I s J, and the .
y1claim follows. The same proof works for the nonzero closed ideal F J .
y1 .  .l I of I, which gives F J ; I. Consequently, F I s J as required.
The above-established result shows that every ring isomorphism between
two given HU-algebras with zero annihilator provide ring isomorphisms
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between topologically simple HU-algebras. The preceding section works in
this situation, and therefore we can formulate the following result.
THEOREM 8. Let A and B be HU-algebras with zero annihilator and F be
a ring isomorphism from A onto B. Then A and B decompose into orthogonal
sums of closed ideals A s A [ A [ A [ ??? [ A and B s B [ B [ Bq y 1 n q y 1
[ ??? [ B , with A , . . . , A and B , . . . , B finite-dimensional, in such an 1 n 1 n
way that the restriction F is a continuous linear isomorphism from A ontoA qq
B , the restriction F is a continuous conjugate-linear isomorphism fromq Ay
A onto B , and, for k s 1, . . . , n, the restriction F is a t -lineary y A kk
isomorphism from A onto B for a suitable automorphism t of the complexk k k
field.
Proof. Let I be a minimal closed ideal of A. The restriction F is aI
 .ring isomorphism from I onto the minimal closed ideal F I of B. On
 . Uaccount of Theorem 1, I and F I are topologically simple H -algebras. If
in addition I has infinite dimension, then Corollary 2 shows that F is
either a linear or a conjugate-linear continuous isomorphism from I onto
 .F I .
We claim that the set of those finite-dimensional minimal closed ideals
on which F is discontinuous is finite. Suppose the claim were false. Then
 4there exists a sequence I of pairwise different finite-dimensional mini-n
mal closed ideals in A on each of which F is discontinuous. For every
 .n g N, M A acts topologically irreducibly on I and consequently it actsI nn
irreducibly on I , since I is finite-dimensional. Therefore, for everyn n
 . 2n g N, there exists S g M A with S / 0. Since I I s 0 if n / m, itn I n n mn
follows that S S s 0 if n / m. Proposition 2 now shows that the opera-n m
 2 .  .  2 .tor f S F is continuous, and so S F ; ker f S , for sufficientlyIn I nnn
 .  .large n. Therefore the ideal S F q i S F is contained in the closedI In n
 2 .  2 .linear subspace ker f S , for sufficiently large n. Since f S / 0 andn n
 .  .F I is topologically simple, we conclude that S F s 0 and hence thatn In
F is continuous for sufficiently large n. This contradicts our assumption.In
Let us denote by I the set of all minimal closed ideals of A on whichq
F is a continuous linear map, by I the set of those on which F is ay
continuous conjugate-linear map, and by A , . . . , A the finitely many1 n
  .exceptional minimal closed ideals. Furthermore, we write J s F I : I gq
4   . 4  .  .I , J s F I : I g I , and B s F A , . . . , B s F B . Finally, weq y y 1 1 n n
define A and B as the closure of the orthogonal sum of the ideals in Is s s
 4and J , respectively, for s g q, y . let A s A [ A and B s B [s C q y C q
 .  .  .  .B . Since F A B s F A F A s F A A s 0 for k s 1, . . . , n,y C k C k C k
w  .x  . n H8, Prop. 2 vii shows that F A ; F B s B . ConsequentlyC ks1 k C
 .  .S F ; B . Let b g S F . Then b s lim Fa for a suitable sequenceA C A nC C
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 4a in A converging to zero. For every minimal closed ideal I of A onn C
which F is continuous and every a g I, we have
bFa s lim Fa Fa s lim F a a s 0. .n n
 .  .  . wHence S F F I s 0. From this we deduce that S F B s 0 and 8,A A CC C
 .x  . HProp. 2 vii now leads to S F ; B . From what has already beenA CC
 .proved, it may be concluded that S F s 0, which shows that F isAC
 .  .continuous on A . From this we deduce that F A ; B and F A ;C q q y
B . We now apply the preceding argument again, with F replaced by Fy1,y
y1 . y1 .to obtain that F B ; A and F B ; A , which completes theq q y y
proof.
COROLLARY 5. Ring isomorphic associati¨ e HU-algebras with zero annihi-
lator are automatically )-isomorphic.
Proof. Let F be a ring isomorphism between two given associative
HU-algebras A and B with zero annihilator, and consider the decomposi-
tion given in the preceding theorem. By Theorem 2, the HU-algebras Aq
and B are )-isomorphic. By Corollary 4, every HU-algebra A isq k
)-isomorphic to B for k s 1, . . . , n. It is a simple matter to construct ak
conjugate-linear automorphism C of A take into account the proof ofy
.Corollary 4 . F C is a linear isomorphism from A onto B . Conse-A y yy
quently A and B are )-isomorphic, which completes the proof.y y
LEMMA 9. Let A be an associati¨ e HU-algebra with zero annihilator which
has no one-dimensional minimal closed ideals and let F be a multiplicati¨ e
bijecti¨ e mapping from A onto an arbitrary associati¨ e ring B. Then F is
automatically additi¨ e.
Proof. Let us denote by I the set of all minimal closed ideals of A.
Every I g I is a topologically simple associative HU-algebra with dimen-
sion greater than one and therefore it contains a nontrivial idempotent e .I
We shall have established the lemma if we prove that A satisfies the
w x  4conditions in the Martindale Theorem 14 for the set e : I g I ofI
 .idempotents. If e Aa s 0 for each I g I, then Ae A a s 0 and conse-I I
quently Ae Aa s 0 for each I g I. Since Ae As I, we conclude thatI I
 .Ia s 0 for each I g I and therefore Aa s 0 Theorem 1 . Since A has
 .zero annihilator we conclude that a s 0. If e ae A 1 y e s 0 for a givenII I
 .  .  .I g I, then e ae I 1 y e I s 0 and so e ae I 1 y e Is 0. Since .i I I I I I
 .  .I 1 y e Is I, we have e ae I s 0, and hence e ae g Ann I s 0. .I I I I I
THEOREM 9. Let A and B be HU-algebras with zero annihilator and
finitely many one-dimensional minimal closed ideals. If there exists a multi-
plicati¨ e bijecti¨ e mapping F from A onto B, then A and B are automatically
)-isomorphic.
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Proof. Let us denote by I and J the set of all one-dimensional1 1
minimal closed ideals of A and B, respectively, and let I and J denote2 2
the sets of those which have dimension greater than one. According to
Lemma 8 and Remark 4, we have
 4  4F I : I g I s J : J g J and F I : I g I s J : J g J . 4  4 .  .1 1 2 2
 .We write A and B k s 1, 2 for the closure in A and B, respectively, ofk k
the orthogonal sum of the elements of I and J , respectively. For everyk k
 .ideal J g J , we put J s F I for a suitable I g I and therefore1 1
F A J s F A F I s F A I s 0. .  .  .  .2 2 2
 . w  .x  . HHence F A B s 0 and 8, Prop. 2 vii shows that F A ; B s B .2 1 2 1 2
y1 y1 .The same reasoning applies to F gives F B ; A and consequently2 2
 .F A s B . According to the preceding lemma, F is a ring isomorphism2 2
from A onto B and Corollary 5 shows that A and B are )-isomor-2 2 2 2
phic. Since A and B are obviously )-isomorphic, it may be concluded1 1
that A and B are )-isomorphic.
Question 2. Are multiplicatively isomorphic associative HU-algebras
with zero annihilator and infinitely many one-dimensional minimal closed
ideals )-isomorphic?
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